In this paper, existence theorems of random maxima] elements, random equilibria for the random one-person game and random gencrMized game with a countable number of players are given as applications of random fixed point theorems. By employing existence theorems of random generalized games, we deduce the existence of solutions for non-compact random quasi-variational inequMities. These in turn are used to establish several existence theorems of noncompact generalized random quasi-variational inequalities which are either stochastic versions of known deterministic inequalities or refinements of corresponding results known in the literature.
Introduction
Since Spacek [34] and Hans [14] established some existence results of random fixed point theorems in the fifties, random fixed point theory has received much more attention in recent years, e.g., see Bharucha-Reid [5] , Bocsan [8] , Engl [13] , Itoh [16] , Kucia and Nowak [21] , Lin [23], Liu and Chen [24] , Nowak [26] , Papageorgiou [27] , Rybinski [28] , Sarbadhikari and Srivastava [31] , Sehgal and Singh [32] , Tan and Yuan [37] [38] and Xu [45] , etc. Recently, we proved a very general random fixed point theorem in [37] (e.g., see Theorem A below). In this paper, as applications of random fixed point theorem in [37] , existence theorems of random maximal elements, random equilibria for a random one-person game and random generalized games with a countable number of players are given. By employing existence theorems of random generalized games, we deduce the existence ofsolutions for non-compact random quasivariational inequalities which in turn are used to establish several existence theorems of noncompact generalized random quasi-variational inequalities which are either stochastic versions or improvements of corresponding results in the literature, e.g., Aliprantis et al. [1], Arrow and Debreu [2] , aubin [3] , aubin and Ekeland [4] , Bharucha-Rei.d [5] , Borglin and Keiding [6] , Border [7], Bocsan.. [8] , Hans [14] , Kucia and Nowak [21] , Liu and Chen [24] , Mas-Colell and Zame [25] , Nowak [26] , Papageorgiou [27] , Rybinski [28] , Shih and Tan [33] , Spacek [34] , Tan [35] [36] , Tan and Yuan [39] , Tarafdar and Mehta [41] , Toussaint [42] , Tulcea [43] , Yannelis and Prabhakar [46] , Zhang (Chang) [47] , and Zhou and Chen [48] .
Preliminaries
The set of all real numbers is denoted by and the set of natural numbers is denoted by [. If X is a set, we shall denote by 2 X the family of all subsets of X. Let A be a subset of a topological space X. The set A is said to be compactly open if A is relatively open in each nonempty compact subset of X. We shall denote by intx(A the interior of A in X and by Clx(A the closure of A in X. If A is a subset of a vector space, we shall denote by coA the convex hull of A..If A is a non-empty subset of a topological vector space E and S, T: A2 E are correspondences, then coT, T3S: A--,2 E are correspondences defined by (coT)(x)-coT(z)and (TfqS)(x)-T(x)fqS(x) for each x E A. If X and Y are topological spaces and (f2, E)is a measurable space (see definition below), and T: f2 X2 Ie is a correspondence, the Graph of T, denoted by GraphT, is the set {(w,x,y) Ef2XY" yGT(w,x)} and the correspondence "f2X2 Y is defined by (w,x)-{yG Y:(x,y) GclxxyGraphT(w -)}, and clT'f2X---,2 Y is defined by clT(w,x)-cly(T(w,x)) for each (w,x) Gf2X. It is easy to see that clT(w, x) C T (,), x) for each (w, x) E f2 x X.
If X and Y are topological spaces, A C X Y, and F: X-2 Y, then
(1) the domain of F, denoted by DomF, is the set {x X" F(z) # }; (2) the projection of A into X, denoted by PvojxA is the set {x G X: there exists some y Y such that (x,y) A}; (3) F is said to be lower (respectively, upper) A Suslin subset in a topological space is a subset which is a Suslin space. "Suslin" sets play very important roles in measurable selection theory. We also note that if X 1 and X 2 are Suslin spaces, then %(X x X2)--%(X1)x %(X2)(e.g., see [9, p. 113] [22, Corollary, .
,Theorem B. Le (t,,) be a measurable space, E a Suslin family and X a Suslin space. Suppose F:Q---2 X has non-empty values such that GraphF E(X). Then We also need the following result (e.g., see Theorem 1 of Ding and Tan [11] ). Lemma 3. Let X be a non-empty paracompact convex subset of a Hausdorff topological vector space and P:X--,2 X be L-majorized (i.e L I -marjorized). Suppose that there exist a X non-empty compact convex subset X o of X and a non-empty compact subset K of X such that for each y G z\K, there exists x G co(X oU {y}) with x G coP(y). Then there exists an G IX" such that P() O.
Random Equihbria of Random Games
As an application of our random fixed point theorem, namely, Theorem A above, we shall first prove the following existence theorem of random maximal elements: Theorem 1. Let (,E) be a measurable space, E Suslin family, X a non-empty paracompact convex and Suslin subset of a Hausdorff topological vector space E and Q: X---2 X such that for each given w G Q(w,.) is L 1 -majorized and DomQ G (R) (X). Suppose that for each x fixed G , there exists a non-empty compact convex subset Xo(w of X and a non-empty compact subset K(w) of X such that for each y X\K(w) there is an x co(Xo(w) U{y}) with x G coQ(w,y). Then Q has a random maximal element, i.e., there exists a measurable mapping :x .ch that Q(, ()) fo aa .
Proof. By Lemma 3, for each w G gt, there exists x G X such that Q(w, xw)= 0. Define F:X-2 X by F(w,x)-{yGX:Q(w,y)-q)} for each (w,x) GX. Then for each fixed w E f], x w is a fixed point of F(w, ). In order to prove that GraphF E (R) %(X X), we define a mapping C: X X X X by c(, x, ) (, , ) for each (a, x, y) f x X x X. Then C is measurable. By hypothesis, DomQ E (R) %(X). Since GraphF.,= {(co, x,y) G fx X x X:Q(w,y) O} C-1[( X X\DomQ) (R) X] e (R) %(X X), then, by Theorem A, F has a random fixed poivt , i.e., there exists :X is measurable such that (w) F(w, (w)) for all w E which imp s that Q(w, (w)) 0 for each w E . El
As an application of Theorem A again, w( have the following existence theorem of random equilibria for random one-person games:
Theorem 2. Let (,E) be a measurable space, E a Suslin family and X a non-empty precompact convex and Suslin subset of a Hausdorff topological vector space. Let A,B,P"
x X--2 X be such that (i) , for each w e , a(w, )9)P(w,. is L-majorized;
(it) A(w, x) is non-empty and coA(w, x) C B(w, x) for each (w, x) X;
(iv) Dom(a 9) P) and Proj x x[(GraphB) CI ( x A)] G E (R) %(X) where A {(x, x)" xex};
(v) for each fixed w , there exist a non-empty compact convex subset No(w of X and a non-empty compact subset K(w) of X such that for each y X\K(w) there is an x co(Xo(w R {y}) with x e co(P(w, y)9) A(w, y)). Then the random one-person game (;X;A,B;P) has a random equilibrium, i.e, there exists a measurable mapping :--,X such that (w)G B(w,(w)) and A(w,(w))9)P(w,(w))-q) for all wG.
Proof. Define O: x X--,2 x by (w,x) {y e X:A(w,y) 9)P(w,y) and y e B(w,y)} for each (w,x)E x X. Then by Theorem 2 of Ding and Tan [11] , for each w f/, there exists x X such that x q(w, x) for all x X. It follows that q: x X2X\{0} and x E (w, x) for all w so that q has a deterministic fixed point in X. Now define a mapping C'f x X x X OxXxX, by C(w, x, y) (w, y, x) for each (w,x,y)OxXxX. Then C is measurable.
e r (R) (x x x), so that Graph E (R) %(X x X). By Theorem A, has a random fixed point , i.e., : x X is measurable such that A(w, (w)) N P(w, (w)) 0 and (w) ( B(w, (w) Corollary 8. Let (,) be a measurable space with a Suslin family, X a non-empty compact convex Suslin subset of a locally convex Hausdorff topological vector space E and F: x X2 X be such tha {(w,x)xX:xF(w,x)}(X). g for each fixedw, F(w,.) is upper semicontinuous with non-empty compact convex values, then F has a random fixed point.
We shall now observe that in Theorem 7, the interaction between the correspondences T and F (namely, the condition (iv)) can be achieved by imposing additional continuity conditions on T and F.
Theorem 9. Le (,) be a measurable space with a Suslin family and X a non-empty closed paracompacl convex and Suslin bounded subset of a locally convex Hausdorff topological vector space E such tha X has the propery (K). If F:xX2 X is such that for each F(, is continuous wilh non-empty compac and convex values, and T: x X2 E* is such ha for each w, F(w, .) is continuous with non-empty compaci and convex values, and T:xX2 E* is such hat for each given w , T(w, .) is monotone wih non-empty values and is lower semicontinuous from the relative opology of X to the strong topology of E*. Suppose that (i) f: a X X-R U { cx, + cx} is such that for each given w @ , (x, y)f(w, x, y) is lower semicontinuous and for each fixed (w,x) x X, yf(w,x,y) is concave and f(w, x, x) 0 for each (w, x) x X;
(ii) the set {(w,x)xX:supeF(w,z)supeT(,) [Re(u,x--y) 
Then there exists a measurable mapping :X such that (w) F(w,(w)) and
for all w .
Prof. By Theorem 7, we need only show that for each given w , the set r():={x:
, e (,x) e T(,) is open in X.
Since X is bounded and f(w, .,. )is lower semicontinuous, the function (u,x,y)-+Re(u,xy) + f(w,x,y) is lower semicontinuous from E* x X x X to N for each fixed w E Q. Therefore (x, y)+suPu T(w, u) [Re{u' x y) + f(w, x, y)] is also lower semicontinuous by lower semicontinuity of T(w,-) (it) T: w X-+2 E* is such that x-inf u T(w,x)Re(u, for all y G F(w,(w)) and w G .
Suppose that in addition, Proof. Define : x X x X---,R tA { oc, + cx} by (w,x,y)=inf uT(w,x) [Re(u, x y) + f(, x, y)], for each (w, x, y) e a x X X. Then by (ii), (iii) and (iv) we have:
(a) for each fixed (w,y)E f X, x-b(w, x, y) is lower semicontinuous on X and x co({y X:b(w,x,y) > 0}) for each (w,x) If, in addition, the conditions (1), (2) and (3) for each co G f. Note that (I)(co)7! for all co G f. Since T and 4) are measurable, T is also measurable by Lemma 3 in [28, p. 55] . Define gl'gt x X x X x E)N by gl (CO, X, y, tt) te(tt, X y) n t-f(w, X, y)
for each (co, x, y, u) g'n(co, u) Re(u, (co) Pn(co)) + f(co, (co), Pn(co))
for each (co, u) axE*, is measurable Therefore, for each n eN, the mapping (co, u)H Relu,(co)-pn(co))+f(co,(co),p,(co)) is also measurable. Since for each yHf(co, z, y) is lower semicontinuous, it follows that for each r N, e n E*:
< e E*:
Therefore the function g3 is measurable so that the set M 0 ((co, u) E f E o. g3(co, u) < 0} P (R) %(E*). Hence Graph (GraphT1) M 0 e (R) %(E). By Theorem B, there exists a measurable mapping p: f--,E) such that p(co) (I)(co) for each co f. By the definition of (I), the measurable mapping p satisfies the following:
(co) E F(co, (co)) and p(co)
Note that if T x X--2 E* is such that for each co f, T(co,-is upper semicontinuous with non-empty strongly compact values, then by Lemma 2 of Kim and Tan in [19, p. 140] [37] , the set {(w,x) [2xX:x F(co, x)} 2(R).%(X).
Thus all hypotheses of Theorem 10 are satisfied, the conclusion follows. (1) the correspondence T is upper semicontinuous instead of being continuous, and (2) the function f need not be random continuous. In the case where F(x)= X and T(x)= 0 for each x e X, Theorem 11 also improves Theorem 9.2.3 of Zhang [47, p. 304] with weaker continuity and measurability conditions. We also remark that our arguments used in proving the existence of solutions for generalized random quasivariational inequalities in this section are different from those used by Tan [36] and Zhang [47] , etc.
Quasi-variational inequalities and generalized quasi-variational inequalities have many applications in mathematical economics, game theory and optimization and other applied science (e.g., see [3] [4] , [7] , [15] and [25] ). Random quasi-variational inequalities and generalized random quasi-variational inequalities will also have many applications in random mathematical economics, random game theory and related fields.
